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We reconsider the problem of transverse momentum broadening of a highly-energetic parton suf-
fering multiple scatterings in dense colored media, such as the thermal Quark-Gluon plasma or large
nuclei. In the framework of Molie`re’s theory of multiple scattering we re-derive a simple analytic
formula, to be used in jet quenching phenomenology, that accounts for both the multiple soft and
hard Rutherford scattering regimes. Further, we discuss the sensitivity of momentum broadening
to modeling of the non-perturbative infrared sector by presenting a detailed analytic and numerical
comparison between the two widely used models in phenomenology: the Hard Thermal Loop and the
Gyulassy-Wang potentials. We show that for the relevant values of the parameters the non-universal,
model dependent contributions are negligible, at LHC, RHIC and EIC energies thus consolidating the
predictive power of jet quenching theory.
I. INTRODUCTION
The propagation of highly-energetic partons in a
dense QCD medium is affected by multiple colli-
sions with medium constituents that cause their trans-
verse momentum distribution to broaden. In addition,
medium-induced gluon emissions can be triggered by
these random kicks leading to the formation of a par-
ton cascade. The latter is the main mechanism of par-
ton energy loss in large QCD media [1, 2] and its the-
oretical description has drawn a lot of attention in the
last two decades [3–22]. However, most analytic results
used in phenomenology were obtained in certain kine-
matic limits and a solid and quantitative understand-
ing of in-medium jet modifications, as measured in ex-
periment, requires further theoretical control over the
full kinematic range of the transverse momentum dy-
namics. This is currently of particular importance as
the field moves towards highly precise comparisons be-
tween data and theoretical predictions.
In the present manuscript we study the single particle
momentum broadening distribution for the case of an
energetic parton propagating through a homogeneous
plasma brick of length L. A complementary study of
the medium induced radiation mechanism, following a
similar scheme to the one present in this paper, is dis-
cussed in [20–22] for the transverse momentum inte-
grated gluon spectrum and in [23, 24] for the transverse
momentum dependent distribution.
Although substantial effort has been put into study-
ing momentum broadening in increasingly more real-
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istic and complex scenarios [25–32], theoretical uncer-
tainties in the simplistic setup considered here remain
to be understood. The origin of these ambiguities is
mainly associated to the infrared (IR) modeling of the
parton-medium interaction. In addition, it is common in
phenomenological studies to take the broadening distri-
bution in some limiting form such as the Gaussian ap-
proximation that applies to the multiple soft scattering
regime. Even though the latter does not capture the cor-
rect physics in the whole range of transverse momenta,
its simple analytical form makes it suitable for theoret-
ical calculations, e.g. [33, 34], together with a straight-
forward implementation in jet quenching Monte-Carlo
event generators, where a given momentum broadening
probability has to be sampled [35–37].
The goal of this paper is twofold. On the one hand,
we revisit the theory of multiple scattering by Molie`re
[38, 39] which provides a more accurate description of
the broadening distribution over the full range in trans-
verse momentum. In particular, the Gaussian behavior
and the power-law Coulomb tail, pertaining to Ruther-
ford scattering, are reproduced at small and large trans-
verse momentum, respectively (See [40] for a similar
application in the color glass condensate framework).
On the other hand, we systematically study the role
of non-perturbative modeling of the momentum broad-
ening probability distribution. We show in particular
that, for realistic values of the parameters, resulting non-
universal power corrections are negligible.
This paper is structured as follows. Section II intro-
duces the kinetic theory formulation of the momentum
broadening probability distribution, along with the two
medium models to be explored. Next, Section III re-
views Molie`re’s systematic approach to multiple scat-
tering theory applied to momentum broadening. In Sec-
tion IV we explore the dependence of the broadening
distribution on IR modeling. In addition, we discuss
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2our findings in the parameter space explored by LHC,
RHIC and the upcoming EIC in Section V. We summa-
rize our results and discuss possible future directions in
Section VI. Complementary material is presented in Ap-
pendices A to D.
II. KINETIC DESCRIPTION OF MOMENTUM
BROADENING
The probability for a highly energetic parton travers-
ing a dense QCD medium to acquire a transverse mo-
mentum k from multiple scattering during a time L is
denoted by P(k, L). Its time evolution can be formu-
lated in kinetic theory and is given by [41]
∂
∂L
P(k, L) = CR
∫
q
γ(q) [P(k − q, L)− P(k, L)] , (1)
where γ(q) is the collision rate and is related to the in-
medium elastic scattering cross-section to be discussed
shortly. CR is the parton color factor in representationR,
i.e., CR = CF = (N2c − 1)/(2Nc) and CR = CA = Nc for
a quark and a gluon, respectively. Here and throughout
we used the shorthand notation
∫
q
≡ ∫ d2q/(2pi)2, for
momentum integration, and
∫
x
≡ ∫ d2x for coordinate
space integrals.
Physically, Eq. (1) has a simple interpretation: in an
infinitesimal time step δt, the probability for a parton to
end up with momentum k at L+ δt equals the probabil-
ity of starting with momentum k− q and acquiring mo-
mentum q during δt. In addition, one must subtract the
probability of already starting with momentum k and
diffusing to some other momentum mode. This struc-
ture ensures the unitarity of P and, consequently, its
probabilistic interpretation.
Turning to the collision rate γ(q), a closed expression
exists in two distinct scenarios. In the case of a medium
formed by static scattering centers with Yukawa-type in-
teractions, γ(q) is given by the so-called Gyulassy-Wang
(GW) model [42]
γHTL(q) =
g4n
(q2 + µ2)2
, (2)
where n represents the density of scattering centers and
µ is the (GW) screening mass. When the QCD medium
is in thermal equilibrium, γ(q) can be computed with
Hard Thermal Loop theory (HTL) resulting in [43]
γHTL(q) =
g2m2DT
q2 (q2 +m2D)
, (3)
where g is the strong coupling and mD corresponds to
the Debye mass whose temperature (T ) dependence is
given, at leading order in g, by m2D(T ) = (1 +
nf
6 )g
2T 2,
where nf is the number of active light flavors. While
the UV behavior is common to both models, i.e., q−4,
the main difference is in the way the IR Coulomb di-
vergence is regulated. In the limit q → 0 we have,
γGW(q) → const. while γHTL(q) → q−2. The possi-
bility of mapping µ and mD together with other dif-
ferences and similarities between these two models for
γ(q), commonly used in phenomenology, will be dis-
cussed in Section IV.
Defining S(x, L) as the Fourier transform of P(k, L),
S(x, L) =
∫
q
P(k, L) eiq·x , (4)
Eq. (1) becomes local in position space
∂
∂L
S(x, L) = −v(x)S(x, L) , (5)
and can be easily solved to give
S(x, L) = e−
∫ L
0
ds v(x,s) = e−v(x)L , (6)
where in the last we step we assumed that the medium
is a homogeneous brick of length L and defined the so-
called dipole cross-section as
v(x) ≡ CR
∫
q
(
1− eiq·x) γ(q) . (7)
Explicit formulas for v(x) in the GW and HTL models
can be obtained using the integrals computed in Ap-
pendix B. They read
vGW(x) =
qˆ0
µ2
(1− µ|x|K1(µ|x|)) , (8)
and
vHTL(x) =
2qˆ0
m2D
(
K0(mD|x|) + log
(
mD|x|
2
)
+ γE
)
,
(9)
where
qˆ0 =
{
4piα2sCRn for GW
αsCRm
2
DT for HTL
, (10)
is the bare jet quenching transport parameter and αs =
g2/(4pi).
Finally, by Fourier transforming Eq. (6) back into mo-
mentum space, the probability for a parton to acquire
transverse momentum k reads
P(k, L) =
∫
x
(S(x, L)− S(∞, L))e−ix·k , (11)
where we subtract the no-broadening contribution that
would result in a δ(2)(k) term that does not contribute
at finite k. This term only vanishes when v(∞) = +∞.
3From Eq. (8) and Eq. (9), we observe that neither GW
nor HTL satisfy this condition, but rather saturate at
large |x|. Regarding the normalization of the probability
distribution given by Eq. (11), it is easy to verify, using
v(0)=0, that
∫
k
P(k, L) = 1− exp(−v(∞)L).
To the best of our knowledge, a closed analytic form
for Eq. (11) when using either GW or HTL expressions
for v(x) does not exist. It is the goal of the next Section to
achieve an analytic representation of the transverse mo-
mentum probability distribution, P(k, L), by combining
a twist expansion of Eq. (11) together with Molie`re’s the-
ory [38, 39] of multiple scattering.
III. P(k)-DISTRIBUTION FROM MOLIE`RE’S THEORY
OF MULTIPLE SCATTERING
Adopting the small dipole size approximation, Eq. (8)
Eq. (9) can be expanded to linear order in µ2x2 (m2Dx
2),
which we refer to as the leading-twist (LT) contribution
to S(x). The choice of this terminology is motivated
by the desire of distinguishing between universal power
corrections of the form (Q2s0x2)n (with Q2s0 ≡ qˆ0L [22],
see Appendix B) and non-perturbative power correc-
tions of the form (µ2x2)n ((m2Dx
2)n). To leading power,
we obtain
vGW(x) = qˆ04 x
2 log
(
4e1−2γE
x2µ2
)
+O(x4µ2) , (12)
and
vHTL(x) = qˆ04 x
2 log
(
4e2−2γE
x2m2D
)
+O(x4m2D) . (13)
We see that to leading power it is possible to relate
the GW and HTL parameters by defining the following
(physical) scale:
µ2∗ =

µ2
4
e−1+2γE for the GW model
m2D
4
e−2+2γE for the HTL model
. (14)
More concretely, this approximation leads to
SLT(x) = exp
[
−1
4
Q2s0 x
2 log
1
x2µ2∗
]
+O(x2µ2∗) . (15)
Given the physical scale defined in Eq. (14), this contri-
bution is model independent. The possibility of expand-
ing Eq. (8) and Eq. (9) to higher twist orders is explored
in Section IV. To obtain an analytic form of P(k, L) from
Eq. (15) additional assumptions concerning the parton’s
energy have to be adopted.
At very high energy, i.e. k2  Q2s0, the dipole’s trans-
verse size is given by |x| ∼ 1/|k|  1/Qs0. Then, SLT(x)
can be expanded to linear order
SLT(x)
∣∣∣
|x|1/Qs0
= 1− 1
4
Q2s0 x
2 log
1
x2µ2∗
+O (x4Q4s0) .
(16)
The zeroth order term can be neglected as it does not
contribute to the P(k, L) distribution. Thus, SLT(x) is
proportional to the dipole cross-section, i.e. it is dom-
inated by single hard (SH) scattering contributions. In
this case, PSH(k, L) reads
PSH(k, L) = −1
4
Q2s0
∫
x
e−ix·k x2 log
1
x2µ2∗
=
1
4
Q2s0 ~∇2k
4pi
k2
= 4pi
Q2s0
k4
, (17)
where used the fact that for k2  µ2∗∫
x
e−ix·k log
1
x2µ2∗
=
4pi
k2
. (18)
The momentum broadening probability distribution
given by Eq. (17) captures the expected Coulomb-like
1/k4 behavior at high momentum transfers.
The scale at which multiple scattering (MS) becomes
important is encoded in the medium opacity parame-
ter χ ∼ Q20s/µ2∗ ∼ L/`mfp, where `mfp is the in-medium
mean free path. When χ  1, the medium is dilute
and therefore single (rare) hard scattering events, as
discussed above, dominate the contribution to P(k, L).
Conversely, when χ  1, the medium is densely popu-
lated and multiple soft scatterings become the relevant
mechanism for momentum transfer.
In the k2  Q2s0 regime, the logarithm in Eq. (15) is
slowly varying with x and can be regulated by a (large)
momentum scale Q2 ∼ Q2s0, so that taking into account
all orders in Q2s ∼ Q2s0 log(Q2/µ2) one obtains a Gaus-
sian representation of momentum broadening
PMS(k, L) =
∫
x
e−
1
4x
2Q2s e−ix·k =
4pi
Q2s
e
− k2
Q2s . (19)
As mentioned in the introduction, Eq. (19) is the pre-
ferred option in widely used and successful jet quench-
ing Monte Carlo event generators such as the Hy-
brid model [36] or the newly developed code by the
Saclay group [37], among others [44, 45]. Despite the
widespread phenomenological application of Eq. (19), it
fails to accurately describe the hard 1/k4 tail of P(k, L),
thus missing the physics associated with single hard
scattering events (see Eq. (17)) [46].
In this work, we propose to use an efficient expan-
sion scheme developed by Molie`re in 1948 [38] in or-
der to provide a simple, analytic formula that encodes
the correct behavior of P(k, L) from small to large k.
Molie`re’s approach is based on expanding v(x) around
the multiple soft scattering approximation vMS(x). This
is achieved by splitting the Coulomb logarithm into two
pieces: a large, but constant, logarithm and a small, x2-
dependent term which is treated perturbatively. Using
this scheme, the leading-twist dipole cross-section can
4be written as
vLT(x) =
qˆ0x
2
4
log
Q2
µ2∗
+
qˆ0x
2
4
log
1
x2Q2
≡ vMS(x) + δv(x) , (20)
where Q2 is known as matching scale, vMS(x) corre-
sponds to the cross-section entering Eq. (19) and δv(x)
can be considered a perturbation as long as Q2  µ2∗,
such that log 1x2Q2  log Q
2
µ2∗
. This decomposition leads
to the following definitions of the relevant scales in the
problem
Q2s ≡ 〈k2〉typ = qˆ0L log
Q2
µ2∗
, (21)
where Q2 can be taken to be proportional to Q2s, i.e.,
Q2 = aQ2s . (22)
Here a is a free parameter to be determined for each set
of medium parameters [47]. Given a value of a, by in-
serting Eq. (22) in Eq. (21), one obtains the following
trascendental equation
Q2s = qˆ0L log
aQ2s
µ2∗
, (23)
where the choice a = 1 corresponds to Moile`re’s pre-
scription [38]. We also define the dressed transport co-
efficient qˆ as
qˆ =
〈k2⊥〉typ
L
= qˆ0 log
aQ2s
µ2∗
, (24)
Using Eq. (20), one can expand Eq. (11) (at LT accu-
racy) around the MS solution in powers of δv(x) as
PLT(k, L) =
∑∫
x, n
e−ix·ke−
1
4x
2Q2s
(−1)nQ2ns0
4nn!
x2n logn
1
x2Q2
≡ PLO + PNLO + PNNLO + · · · , (25)
where we integrate over x and sum over n, from n=0 to
infinity. Notice that we still have
∫
k
PLT(k, L) = 1, since
all terms in Eq. (25), apart from the LO, vanish after inte-
grating over k and x. Formally, the series representation
introduced above is asymptotically divergent. Never-
theless, a very good approximation of the exact solution
can be obtained when the series is truncated before it di-
verges at n < nmax ∼ Q2s0/µ2∗. For a broader discussion
on the origin of this truncation, we refer the reader to
[40].
In order to recast Eq. (25) in a more compact form we
define the dimensionless expansion parameter
λ ≡ qˆ0
qˆ
=
1
log(Q2/µ2∗)
 1 . (26)
This allows us to re-write Eq. (25) as
(4pi)−1Q2s P(k, L) ≡ f (x, λ) =
∞∑
n=0
λnf (n)(x) . (27)
where x ≡ k2/Q2s.
The leading order (LO) term in λ reads
f (0) = (4pi)−1Q2s I1(x) = e
−x , (28)
while the next-to-leading order (NLO) term yields [38]
λf (1)= − 1
16pi
Q2s0Q
2
s
∫
x
e−ix·ke−
1
4Q
2
sx
2
x2 log
1
x2Q2
=
Q4s
16pi
λ~∇2k
∫
x
e−ix·ke−
1
4Q
2
sx
2
log
1
x2Q2
=
λQ2s
4pi
∂
∂x
x
∂
∂x
I2(x, a)
= λ
∂
∂x
x
∂
∂x
e−x (Ei (x)− log(4x a)) , (29)
where I1(x) and I2(x, a) are given in Appendix A and
Ei is the exponential integral function [48]. Combining
the results for f (0) and f (1), we obtain one of the main
results of this paper (originally derived by Molie`re [38]):
PLO+NLO(k, L) = 4pi
Q2s
e−x
{
1− λ (ex − 2 + (1− x) (Ei (x)− log(4x a)) )} , x ≡ k2
Q2s
. (30)
5Let us now verify that the above result reproduces the
expected asymptotic behavior at small and large trans-
verse momentum.
The LO contribution matches exactly the MS solu-
tion from Eq. (19), and thus its limiting behavior is easy
to analyze. At large momentum transfers, k2  Q2s,
PLO(k, L) decays exponentially with k, while if k2 
Q2s it becomes independent of k. More importantly,
the Gaussian profile implies that the typical momen-
tum transverse acquired due to momentum broadening
〈k2〉typ∼Q2s. Therefore,PLO(k, L) correctly captures the
physics associated to multiple soft scattering at scales
k2 . Q2s.
For the NLO term, we use two limiting forms of the
Ei function. That is, when x → ∞, Ei(x) ≈ ex/x so that
the large k behavior of the NLO term reads
PNLO(k, L)
∣∣∣
k2Q2s
= 4pi
Q2s0
k4
+O
(
Q4s0
k6
)
. (31)
This result matches Eq. (17) and therefore the NLO
term successfully encodes the hard 1/k4 tail of the full
P(k, L) distribution. As a consequence, it is physi-
cally preferable for phenomenological applications to
use Eq. (30) instead of Eq. (19). On the other end, x→ 0,
Ei(x) ≈ γE + log x and then
PNLO(k, L)
∣∣∣
k2Q2s0
=
4piλ
Q2s
log 4 a e1−γE , (32)
which, up to a small constant logarithm, corresponds
to the MS result (Eq. (19)) in this kinematic limit, sup-
pressed by a power of λ. This is analogous to the small
energy limit behavior obtained in [20–22] for the gluon
emission spectrum.
In Fig. 1, we evaluate Eq. (27) at LO, NLO and their
sum LO+NLO. These curves are compared to the exact
numerical solution of Eq. (11) when plugging the GW
dipole cross-section given by Eq. (8). A small value of
the expansion parameter λ is chosen on purpose such
that this figure represents a proof-of-concept of the pro-
posed scheme in its regime of validity. In the multi-
ple scattering regime, i.e. at small-k, the LO contri-
bution dominates over the NLO as expected from our
asymptotic analysis. Nevertheless, the LO+NLO curve
shows a small discrepancy, to be quantified in what fol-
lows, with respect to the full GW result. The situation
is improved at large-k, where the NLO correctly cap-
tures the power-law tail completely absent in the LO
scenario. This Figure demonstrates how a purely ana-
lytic, two terms expansion given by Eq. (30) exhibits an
excellent agreement with the more computationally in-
volved P(k, L) using GW/HTL models for v(x).
The natural question arises as to what is the value of
the λ-parameter at which the expansion fails to repro-
duce the GW result. This problem, together with the
role of higher orders, is tackled in Fig. 2. In the top
panel we observe how the performance of the LO+NLO
10−1 100 101 102
kT[GeV]
10−5
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10−3
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10−1
100
k T
P(
k T
)[
G
eV
−1
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λ = ln−1(Q2/µ2) = 0.1
GW
LO
NLO
LO+NLO
Figure 1. Momentum broadening probability distribution at
different orders in Molie`re’s-expansion (see Eq. (25)) com-
pared to the exact result for GW (see Eq. (8)) with λ = 0.1
corresponding to (Q2s0 = 30 GeV2, m2D = 0.13 GeV
2). In this
and following figures kT ≡ |k|.
is degraded when increasing λ both at low and large k.
This result is expected as the larger λ gets, the less pre-
cise is to consider δv(x) as perturbative contribution in
Eq. (20). The relevant values of λ for current and future
colliders will be discussed in Section V. As shown in the
bottom panel of Fig. 2 this discrepancy can be alleviated
by adding extra terms in the expansion. In particular,
when adding the NNLO (see Eq. (25)) contribution for
λ = 0.1 we find a ratio to the exact GW result close to
one in the whole interval in k. Unfortunately, we were
not able to find yet a general analytic expression for the
n-th term in the series, thus higher orders have to be
computed numerically.
IV. SENSITIVITY TO IR MODELING VIA A TWIST
EXPANSION: GW AND HTL COMPARISON
In the previous Section, as a first step towards an an-
alytic expression for P(k, L) that encompasses the main
physical mechanisms, we have expanded the dipole
cross-section to leading twist accuracy (see Eq. (15)). We
would like to emphasize that this contribution is univer-
sal for any physical medium model. In order to assess
the sensitivity of transverse momentum broadening to
the non-perturbative infrared (IR) structure of a given
model for γ(q), going beyond the first leading term in
the twist expansion is mandatory. In what follows, we
fix the hard scale of the problem Qs0 such that we are
only sensitive to the dependence of this expansion with
respect to the infrared regulator µ∗. Consequently, these
additional terms are expected to modify the low mo-
mentum regime of P(k, L). Hence, this will be the ex-
plored region in the figures of this Section. At this point,
60.4
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λ = 0.15
λ = 0.2
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LO
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LO
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N
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W
λ = 0.1
λ = 0.15
λ = 0.2
Figure 2. Top: ratio between the LO+NLO result and the exact
GW varying the expansion parameter λ (see Eq. (26)). Bot-
tom: same as top panel but for the LO+NLO+NNLO result.
λ= 0.15, 0.2 corresponds to (Q2s0 = 4 GeV2, m2D = 0.3 GeV
2),
(Q2s0=4 GeV2, m2D=0.5 GeV
2), respectively.
we would like to emphasize that the twist expansion is
intrinsically different from the Molie`re one introduced
in the previous Section. In short, the former explores
the infrared sector through non-universal contributions,
while the latter is a perturbative expansion with model
independent terms.
A systematic study of these non-universal contribu-
tions is so far missing in the literature. In turn, GW
and HTL models are typically treated as two indepen-
dent descriptions of the QCD medium, thus ignoring
the fact that they can be mapped onto one another at LT
accuracy. The common practice in jet quenching phe-
nomenology of treating these models as if they were un-
related can be problematic given that: i) in the absence of
a map between the different IR regulators to the physical
Debye mass, any comparison between results assuming
different models is meaningless, ii) a quantitative and
controlled understanding of the role of non-perturbative
physics at the infrared scale cannot be reached.
The importance of mapping the IR scales involved
in GW and HTL becomes apparent in Fig. 3 where the
value of mD is fixed and the corresponding value for µ,
to be plugged in Eq. (8), is obtained using Eq. (14). The
momentum broadening probability distribution com-
puted with these two medium models only shows sig-
nificant differences at small-k for nonphysically large
values of m2D. Hence, once the appropriate matching
between mD and µ is considered, the use of these two
in-medium elastic scattering cross-sections leads to dis-
crepancies ≤ 10% [49].
To characterize the sensitivity of transverse momen-
tum broadening to infrared physics, we proceed to ex-
pand v(x) as given by Eq. (8) (Eq. (9)) up to next-to-
10−2 10−1 100 101
kT[GeV]
0.90
0.95
1.00
1.05
1.10
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m2D = 0.5GeV
2 m2D = 1GeV
2 m2D = 2GeV
2
Figure 3. Ratio between PHTL(k, L) and PGW(k, L) as a func-
tion of the Debye mass m2D for Q
2
s0 = 4.8 GeV2 (same value
used in the other plots of this Section).
leading twist (NLT) order, such that v(x) takes the form
vLT+NLT(x) =
qˆ0x
2
4
log
(
1
µ2∗x2
)
+
qˆ0x
4µ2∗
c1
log
(
c2
µ4∗x4
)
≡ vLT(x) + vNLT(x) , (33)
where c1 and c2 are model dependent constants given
in Appendix C for the GW and HTL models. We would
like to point out that Eq. (33) is an explicit manifesta-
tion of the fact that NLT corrections are non-universal,
since there is no self consistent way of mapping differ-
ent models to some functional form representing what
would be measured in experiment. In fact, even using
the LT map introduced in Eq. (14), we clearly observe
that universality is not regained (i.e. c1 and c2 are truly
model dependent). Nonetheless, using such a map al-
lows us to directly gauge the order of magnitude of the
model dependent contributions to P(k, L).
The implications of considering the LT or NLT ap-
proximations to GW/HTL potentials instead of the full
result are shown in Fig. 4. Regarding the leading twist,
it fails to reproduce the full result accurately for rela-
tively small values of mD, similar to those explored in
current colliders as will be discussed in the next Sec-
tion. Two comments are in order concerning the next-
to-leading twist term. First, focusing on the HTL case,
its magnitude is remarkably small. This is an impor-
tant aspect as it indicates a close to minimal sensitivity
to non-perturbative assumptions. Second, when turning
to the GW case this difference with respect to the LT is
significantly more pronounced. The underlying reason
is that the map between mD and µ through the physical
mass µ∗ is valid only at LT order. Therefore, when ex-
tending its applicability to NLT, more severe deviations
between GW and HTL are deemed to occur.
Further, it is possible to combine the next-to-leading
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Figure 4. Ratio of the leading twist (solid) and next-to-leading
twist expansions to the full GW (top) and HTL (bottom) po-
tentials for different m2D .
twist expansion of the dipole cross-section (see Eq. (33))
with Molie`re’s scheme, by shifting the expansion point
vMS(x)→ vMS(x)+vNLT(x) and continue treating δv(x)
(see Eq. (20)) as a perturbation around it. In this way, the
λ-expansion enables the description of P for all k, while
it is possible to explore the dependence on IR modeling
via the twist expansion.
The first non-trivial term in Eq. (25) is thus promoted
(to linear order in µ2∗ [50]) to the following simple ex-
pression
PNLO+δNLT(k, L) = λ∆x I2(x, a)
− 32λµ
2
∗
c1Q2s
∆2x I2
(
x,
µ2∗√
c2Q2s
)
, (34)
where we introduced the reduced Laplacian operator
∆x = ∂x(x ∂x) and I2 is given in Appendix A. Eq. (34)
is no longer a function of solely Q2/µ2∗ (i.e. λ), but
also depends on the IR regulator alone and on the con-
stants c1 and c2. This is an explicit example of the non-
universality associated to higher twist orders.
The role of the NLT contribution in Molie`re’s expan-
sion at NLO is displayed in Fig. 5 for both GW (top) and
HTL (bottom) potentials. In all cases, the inclusion of the
NLT term has an effect smaller than 5% being this con-
tribution larger when increasing mD, as expected. This
fact confirms the mild infrared dependence in our de-
scription of P(k, L). Further, the NLT contribution en-
hances the value of P(k, L) at small-k thus reducing the
discrepancy with the full GW/HTL result observed in
Figs. 1 and 2.
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Figure 5. Impact of the NLT term in Molie`re’s scheme at NLO
(using Eq. (33)) for GW (top) and HTL (bottom) potentials for
different m2D .
V. PHENOMENOLOGY AT CURRENT AND FUTURE
COLLIDERS
Up to now, we have performed a theory guided se-
lection of the parameters involved in the description of
the medium in order to highlight the relevant region of
interest. That is, in Section III we have deliberately cho-
sen small values of λ as required by Molie`re’s scheme or
large values of mD in Section IV to better illustrate the
contribution of higher orders in the twist expansion.
In what follows, we turn our attention to more re-
alistic scenarios such as the ones being currently ex-
plored by LHC, RHIC together with the upcoming EIC.
The relevant parameters for these three colliders are
provided in Table I. For a given value of the medium
length, L, and its temperature, all parameters in this Ta-
ble are uniquely determined. More concretely, mD is
obtained through the leading order HTL formula men-
tioned in Section II and Q2s is given by Eq. (23) where
qˆ0 = n= 3T
3/2. In all three cases, we take the length of
the medium to be L=6 fm roughly corresponding to the
radius of both Pb and Au nuclei. For RHIC and LHC,
we use the same temperature estimate as the one in [51],
while for EIC we select qˆ0L= 0.6 GeV2, in the ballpark
of [52]. For completeness, we also quote the values of qˆ
and λ in the last two columns of Table I.
Table I. Relevant parameters for the three different setups.
Collider T [MeV] m2D [GeV
2] Q2s[GeV2] qˆ [GeV2/fm] λ
LHC 470 1.17 24.7 0.61 0.19
RHIC 360 0.77 10.1 0.24 0.21
EIC 241 0.42 2.5 0.06 0.25
The results for Pb+Pb collisions at LHC energies are
shown in Fig. 6. Regarding the large-k region, the in-
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Figure 6. Top: Momentum broadening probability distribution
at different orders in Molie`re’s expansion, see Eq. (25), com-
pared to the exact result for GW and HTL potentials at LHC
conditions. Middle: Ratio between GW and HTL results. Bot-
tom: Ratio between LO+NLO (orange) and LO+NLO+NNLO
(purple) with respect to the GW result.
ability of the leading order term to capture the behavior
of both GW and HTL models becomes apparent in the
top panel. In contrast, LO+NLO and LO+NLO+NNLO
deliver a distribution identical to the GW result up to
1% degree of accuracy for |k|> 15 GeV. This statement
also applies to HTL because the difference among these
models is negligible in this region, as shown in the mid-
dle panel. The infrared sector, |k| < 1 GeV is in quan-
titative agreement with Fig. 3 given that the hard scale,
qˆ0L= 4.8 GeV2, coincides. Around the peak of the dis-
tribution, the disagreement between LO+NLO+NNLO
with GW is of the order of 15%. This result could be
improved by adding higher order terms in Molie`re’s ex-
pansion (see Eq. (25)).
Turning to RHIC energies, similar features to those
at LHC are observed at large transverse momentum as
shown in Fig. 7. An important remark concerning the
small-k sector is the increment of the GW vs. HTL dis-
parity with respect to the LHC case, despite probing a
smaller mD, see Table I. The underlying reason is that
the value ofmD has to be sufficiently separated from the
hard scale in the problem. That is the larger the value
of the ratio Qs0/mD is, the smaller the sensitivity to the
infrared, model-dependent contributions. Indeed, this
ratio is a 60% bigger at LHC than RHIC, thus explain-
ing the mild differences between GW and HTL for these
two experiments.
Finally, the future Electron-Ion Collider at
Brookhaven National Lab [53] will open a new av-
enue to study modifications in jet observables when
compared to hadronic colliders. The reason is that
highly-energetic partons will not encounter a ther-
malized QGP at the EIC, but rather a dense gluonic
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Figure 7. Same as Fig. 6 but for RHIC.
system. Multiple interactions with this overoccupied
gluon state naturally leads to transverse momentum
broadening. Its probability distribution is displayed in
Fig. 8 where we have assumed e+Au to be the collision
system and the prospected top energy for this machine.
We would like to point out that, in this case, we obtain
that the relevant hard scale is Q2s = 2.5 GeV, thus
justifying the applicability of weak coupling methods
in this regime. At the same time, the average transverse
momentum received from the cold medium is shifted
towards smaller values when compared to RHIC and
LHC. Unfortunately, this experiment will probe the
largest value of λ and, therefore, the application of
Molie`re’s scheme is less successful than for the LHC
and RHIC setups. Nevertheless, this method can be
used in semi-quantitative exploratory studies.
The role played by the non-perturbative contributions
at RHIC, LHC and EIC energies its suppressed when
compared to the deviations due to the NLO expansion,
as was shown in the previous Section. Therefore, we
refrain from providing the numerical results obtained
when considering these contributions.
VI. CONCLUSIONS AND OUTLOOK
The work presented in this manuscript follows the
current (and future) global effort towards a more pre-
cise quantitative description of jet quenching effects [19–
22, 51]. In particular, we have: i) re-derived a descrip-
tion of the single particle momentum broadening dis-
tribution, first introduced by Molie`re, that is able to re-
produce the Gaussian behavior at small-k together with
the power-law tail through a simple analytic expression,
i.e. Eq. (30); ii) explored the impact of non-perturbative
modeling of the dipole cross-section on the broadening
distribution; iii) studied the applicability of Molie`re’s
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Figure 8. Same as Fig. 6 but for the future EIC. Note that we
do not consider the HTL potential as a thermal medium at the
EIC is not expected.
scattering theory for the description of single particle
momentum broadening at the current experimental con-
ditions explored by LHC, RHIC and the foreseen EIC.
Although the major analytic result of this paper (i.e.
Eq. (30)) has been known for over 70 years, its applica-
tion to phenomenological studies in jet quenching has,
to a large extent, been ignored. This is particularly sur-
prising given the widespread usage of the multiple soft
scattering parametrization (i.e. Eq. (19)) that is known to
fail to describe the hard sector, as we have shown both
analytically and numerically for meaningful parameter
selections. It should be noted that Molie`re’s proposal, if
restricted only to the first two leading terms whose ex-
pressions are known analytically, requires a pronounced
hierarchy between the hard and soft scales of the prob-
lem in order to converge to the exact result when consid-
ering GW/HTL potentials. In particular, we found that
such a separation is reasonably satisfied at current LHC
and RHIC conditions, but is far from being achieved at
the expected EIC setup.
Another important finding of this work is that non-
perturbative contributions, intrinsically associated to
the description of the infrared structure of in-medium
scattering, are found to be quantitatively small. How-
ever, we (again) emphasize that to achieve a meaning-
ful comparison between medium models, matching to
a physical set of parameters at leading twist accuracy is
required. For the three physically interesting cases ex-
plored in Section V, non-perturbative contributions are
highly suppressed compared to the ones obtained from
Molie`re’s scheme.
Future applications of the present results for jet-
quenching phenomenology are straightforward. In par-
ticular, the first application of these formulas by com-
puting the nuclear modification factor, RAA, is currently
ongoing work. As mentioned in Section III, Eq. (30)
can be readily employed in any Monte Carlo event gen-
erator that includes jet quenching effects. In addition,
the formalism described in this paper can also be ap-
plied to small-x physics [54]. A possibility would be
to use Molie`re’s scheme to construct the unintegrated
gluon distribution needed for particle production in
p+A [40, 55].
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Appendix A: Typical integrals appearing at NLO in
Molie`re’s theory
In this Appendix we compute the following Fourier
transforms
I1 =
∫
x
e−ix·k e−
1
4 Q
2
s x
2
, (A1)
and
I2 =
∫
x
e−ix·k e−
1
4 Q
2
s x
2
log
1
Q2x2
. (A2)
Eq. (A1) is a straightforward to compute (x ≡ k2/Q2s)
I1(x) =
4pi
Q2s
e−x . (A3)
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Eq. (A2) makes use of the following integral representa-
tion of the logarithm
log
1
x2Q2
= − lim
→0
∫ ∞

dt
t
(
e−t − e−x2Q2t
)
. (A4)
I2 can then be rewritten in terms of two Gaussian inte-
grals (using a = Q2/Q2s)
I2= −I1
∫ ∞

dt
t
e−t +
∫ ∞

dt
t
∫
x
e−ix·ke−
1
4 ( 1+4at)Q
2
sx
2
= −I1
∫ ∞

dt
t
e−t +
4pi
Q2
∫ ∞

dt
t(1 + 4at)
e
− k2
(1+4at)Q2s .
(A5)
Performing the change of variables u+ x = x/(1 + 4at),
the last integral in Eq. (A5) yields
−e−x
∫ −4ax
−x
du
u
e−u = e−x [Ei(x)− Ei(4ax)]
(A6)
Taking → 0, the first term in Eq. (A5) and the last term
in Eq. (A6) (after factoring out I1) combine to give
−
∫ ∞

dt
t
e−t − Ei(4ax) = Ei()− Ei(4ax)
= − log 4ax +O() , (A7)
where we used that Ei() ' γE + log , with γE =
0.577(2) the Euler-Mascheroni constant. Finally, we ob-
tain
I2(x, a) = I1(x)
[
Ei(x)− log 4ax
]
. (A8)
Appendix B: dipole cross-section in the GW and HTL
models
In this Appendix we compute the following integral∫ ∞
0
du
u
(u2 + b2) (u2 + a2)
(1− J0(ux)) , (B1)
which is related to the GW and HTL models by letting
b = a = µ and b = 0, a = mD, respectively (see Eq. (3),
Eq. (2) and Eq. (7)). First we decompose the integrand
as follows∫ ∞
0
du
u
(u2 + b2) (u2 + a2)
(1− J0(ux)) =
1
(a2 − b2)
∫ ∞
0
du
[
u
(u2 + b2)
− u
(u2 + a2)
]
(1− J0(ux)) .
(B2)
Recognizing the following integral representation of
Bessel functions∫ ∞
0
du
[
u
(u2 + a2)
]
J0(xu) = K0(ax) (B3)
and ∫ ∞
0
du
u
(u2 + b2) (u2 + a2)
=
log a2 − log b2
2(a2 − b2) , (B4)
we obtain∫ ∞
0
du
u
(u2 + b2) (u2 + a2)
(1− J0(ux))
=
1
(a2 − b2) [K0(ax)−K0(bx) + log a− log b] .
(B5)
There are two special cases that will correspond to the
two models under consideration in the main text. First,
a = b ∫ ∞
0
du
u
(u2 + a2)2
(1− J0(ux))
=
1
2a2
[1− axK1(ax)] .
(B6)
Then for b = 0, using the formK0(bx) ≈ − log(bx/2)−γE∫ ∞
0
du
1
u (u2 + a2)
(1− J0(ux))
=
1
a2
[K0(ax) + log(ax/2) + γE ] .
(B7)
Appendix C: GW and HTL models at next-to-leading twist
accuracy
In this Appendix we give the explicit formulas for the
GW and HTL potentials up to next-to-leading twist ac-
curacy. Using the results from Appendix B, we have
vGW(x) =
qˆ0
µ2
(1− µ|x|K1(µ|x|))
=
qˆ0x
2
4
log
(
4e1−2γE
x2µ2
)
+
qˆ0x
4µ2
64
log
(
16e5−4γE
x4µ4
)
+O(x6µ4) , (C1)
vHTL(x) =
2qˆ0
m2D
(
K0(mD|x|) + log
(
mD|x|
2
)
+ γE
)
=
qˆ0x
2
4
log
(
4e2−2γE
x2m2D
)
+
qˆ0x
4m2D
128
log
(
16e6−4γE
x4m4D
)
+O(x6m4D) .
(C2)
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Using the map given by Eq. (14), the model dependent
constants appearing in the generalized next-to-leading
twist dipole cross-section (Eq. (33)), read
cGW1 = 64
µ2
µ2∗
, cGW2 = 16e
5−4γE µ
4
µ4∗
, (C3)
cHTL1 = 128
m2D
µ2∗
, cHTL2 = 16e
6−4γEm
4
D
µ4∗
. (C4)
Appendix D: Details on the kinetic description of
momentum broadening
In this Appendix we outline how some of the results
presented in Section III can be obtained solely using
the kinetic description of momentum broadening intro-
duced in Section II. In addition, we provide an equiva-
lent formulation of Molie`re’s expansion in the form of a
generalized diffusion equation in momentum space.
One can rewrite Eq. (1) using Eq. (7) as
∂
∂L
P(k, L) = −
∫
q
v(q)P(k − q, L) . (D1)
In the high energy limit, single hard scattering dom-
inates, which implies that only the first iteration of
Eq. (D1) contributes and thus one can write [41]
PSH(k, L) = −
∫
q
v(q)(2pi)2δ(2)(k − q) , (D2)
which is satisfied by Eq. (17). On the other hand, when
multiple soft scattering dominates, v(x) is quadratic in
x, which allows one to write Eq. (D1) as a diffusion
equation with diffusion parameter qˆ
PMS(k, L) = qˆ
4
~∇2kPMS(k, L) , (D3)
which can be solved to yield Eq. (19).
Combining the kinetic description of momentum
broadening with Molie`re’s approach leads to an hier-
archy of (trivially) coupled diffusion equations with a
source term. To explicitly see this, we use Eq. (20) and
Eq. (25) in Eq. (D1). The leading order term satisfies
Eq. (D3), while higher order term satisfy (i ≥ 1)
∂
∂L
PNiLO(k, L) = Q
2
s
4L
~∇2kPN
iLO(k, L)
+
4piQ2s0
L
∫
q
1
q4
PNi−1LO(k − q, L) .
(D4)
Eq. (D4) can, in principle, be solved order by order us-
ing Green’s method, but, to the best of our knowledge,
and considering the aims of this paper, there is no obvi-
ous advantages over the procedure followed in the main
text.
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